Planarity in graphs implies relatively small valencies and numbers of edges. In this note we find the maximum sum of valencies and the maximum number of incident edges for a set of n vertices in a planar graph with v vertices. Graphs considered are without multiple edges or loops. (ii) e < n < 2v-4 when v = n+i, and e < 2v-4 when v :> n+2 (e =n can hold when v=n+l, e = 2v-4 can hold for each v > n+2).
(iii) e + e < 3v-6, and when v < 3n-4, e J + e = 3v-6 1 2 --12 iff no two of A , . . . , A are joined by an edge in G and G n+1 v vertices of G .
(vi) When v > 3n-4, s<6n+2v-l6 and s=6n+2v-l6 iff G has the structure described in (v).
Proof.
The proof of this theorem is based on the following well known results.
(1) Any planar graph with w > 3 vertices triangulates the whole plane iff the total number of edges is 3w-6; in this case the number of regions into which the graph divides the plane is 2w-4. Any planar graph with w > 3 vertices either triangulates the plane or is obtained from a planar graph with w vertices which triangulates the plane by deleting edges.
(2) If a planar graph has w vertices and e edges and divides the plane into r connected regions, then w-e+r > 2.
Proof of (i). (i) follows directly from (1) with w =n .
Proof of (ii). If v = n+l then obviously e < n and equality may hold; also n < 2v-4, since v > n > 3 by hypothesis. If e < 3 then e < n < 2v-4 since v > n > 3. It only remains to assume that v :> n+2 and e > 4. Then let G* denote the 1 n Proof of (iii). By (1) applied to G, e fe_ < e < 3v-6 , 1 2 --and e +e = 3v-6 iff G triangulates the plane and e +e =e ,
which is the case iff G triangulates the plane and no edge of G joins two of A , . . . , A . If G has such a structure, then n+1 v each of the connected regions into which G divides the plane contains at most one of A n2n-4 > v-n, i. e. v < 3n-4.
contains at most one of A , . . . , A ; by (1) this implies n+1 v Proof of (iv). s = 2e +e^ =e +(e +e ). e < 3n-6 by (i) --L.
! 2 1 K 1 2 1 -y and e +e jC e < 3v-6 by (1); hence s j£ 3n+3v-12 with equality iff e = 3n-6 and e +e = 3v-6. By (i) and (iii) this is the case 1 12 iff G and G both triangulate the plane and no two of 1 A , . . . , A are joined by an edge; consequently s = 3n+3v-12 iff G is as described in (iv) and then v < 3n-4.
Proof of (v). By (i) and (ii) e +e < 3n+2v-i0 with equality iff e =3n-6 and e_ = 2v-4. By (i) e =3n-6 iff G 1 2 1 1 triangulates the plane; e is clearly maximal, consistent with G triangulating the plane, iff G has the structure described in (v); e is then equal to 3(2n-4) + 2(v-3n+4) = 2v-4 provided 113 v > 3n-4. Hence when v > 3n-4, e +e = 3n+2v-10 iff G is as described in (v).
Proof of (vi). s = e +(e +e ). Hence, by (i) and (v), 1 1 Z s < 6n+2v-l6 and s =6n+2v-l6 iff G has the structure described in (v). This completes the proof of the theorem.
The author is indebted to the referee for many suggestions.
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